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SIR-MIR and SIRAS-MIRAS cases are studied by application of the joint
probability distribution method. The final results are conditional probability
distributions of the protein phases given the structure-factor moduli of the
protein and of the derivatives, and the structure factors of the heavy-atom
substructures. The approach is able to treat errors arising from measurements,
from the heavy-atom structure model and from the lack of isomorphism. The
relations between the present approach and previous methods are described.
The formulas have been implemented in a procedure that is able to
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1. Notation

f; « scattering factor of the jth atom.

X, %, 3= sz, where the summation is extended to the
protein atoms, to the derivative, and to the heavy-atom
structure.

F, = Z]ALI fiexp(2rih - 1;) = |F,| exp(i,): structure factor of
the native protein.

- B — b ) — 1/2. : )
E,=A,+iB,=R, &?xp(qup) = F,/¥,*: normalized struc
ture factor of the native protein.

Fy = Y_f,exprmih - x,) = |Fy| exp(i¢y): structure factor of
the heavy-atom structure.

Ey = Ay +iBy = Ry exp(ipy) = Fy/X)/*: Ey is the struc-
ture factor of the heavy-atom structure, pseudo-normalized
with respect to the protein scattering power.

F,; =) gexp(mih - 1)) = |F,| exp(ip,): structure factor of
the derivative.

E,= A, +iB, = R exp(ip,) = F,/Z}/* E, is the structure
factor of the derivative, pseudo-normalized with respect to the
protein scattering power.

Aiso = (|Fd| - |Fp|)

2. Introduction

The isomorphous replacement method is essentially based on
two steps: first, the determination of the positions of the heavy
atoms, and then the estimation of the native protein phases via
the combined use of Fy,, |F,|, |F,|. The fundamental paper by
Blow & Crick (1959) has been the milestone for the second
step: the paper has been revisited by several authors, among
whom are Terwilliger & Eisenberg (1987), who give a more
detailed analysis of the errors due to lack of isomorphism,

automatically phase protein reflections up to protein resolution [Giacovazzo,
Ladisa & Siliqi (2002). Acta Cryst. A58, 598-604].

inadequacy of the heavy-atom model and observational errors.
In particular, functions were obtained that estimate the
conditional probability for the native protein phases given the
prior information on Fy, |F,|, [F,|.

The irruption of direct methods in the macromolecular area
(Hauptman, 1982) suggested that the classical two-step tech-
nique used by SIR and MIR methods could be replaced by a
one-step approach: the protein phases could be directly
obtained by application of the joint probability distributions

P(E,, E;) M
P(Epn: Epis Epniis Eans Eas Eanad)- )
Accordingly, the recovery of the heavy-atom positions was no
longer a necessary preliminary step for the phase assignment.
The distributions (1) and (2) were obtained under the
following assumptions: the scattering power of the heavy-atom
structure may be (at least roughly) estimated, and no lack of
isomorphism occurs. Under the same assumptions, a recent
series of papers (see Giacovazzo & Siliqi, 1997, and references
therein) made the direct-methods treatment of the SIR case
practicable in real cases.

In this paper, we will apply the joint probability distribution
method to derive the phase distribution functions useful for
SIR, MIR, SIRAS and MIRAS cases. The method has already
been applied: (a) by Giacovazzo & Siligi (2001a,b,c) to treat
the SAD (single anomalous dispersion) and the MAD
(multiple anomalous dispersion) cases. New efficient prob-
abilistic formulas were proposed to estimate protein phases
given the anomalous scatterer positions; (b) by Burla et al
(2002), for finding the anomalous scatterer positions given the
experimental diffraction moduli.
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In this paper, we will adopt, for the SIR and MIR cases
(§3 of this paper), the probabilistic scenario described by
Giacovazzo & Siliqi (2001a,b,c), according to which

|Fal exp(ig,) = |F,| exp(ig,) + |Fy| exp(idy) + |1l exp(if),
®)
where |u|exp(if) represents the cumulative error, the
components of which are errors due to lack of isomorphism,
errors in measurements and errors in the heavy-atom
substructure (Terwilliger & Eisenberg, 1983).
For the SIRAS and MIRAS cases (§4 of this paper), we will
assume that
|Fy lexp(ig) = |F,| exp(i$,) + | Fyj| exp(igyy,) + |1 "] exp(i6™)
(4)

and

|Fy | exp(igy) = |F,| exp(—ig,) + |Fy;| exp(igy)
+ [ | exp(if™). &)

3. SIR and MIR cases

3.1. The SIR case in P1. The joint probability distribution
P(E,, E4] Ery) and related distributions

Let us assume that

(a) the atomic positions of the native protein are the
primitive random variables of our probabilistic approach;

(b) some (or all) heavy atoms have been located, and Fy, is
the structure factor corresponding to them;

(c) the assumptions (4) hold, with (u) = 0.

The characteristic function of the distribution P(E,, E |E};)
may be written as (see Appendix A)
C(u,, uy) = (expi(u,E, + u,E,))

~ exp(iuyEy) exp{—[uﬁ +ui(14+0%) + 2u,u,]/2},
(6)

where u, and u, are carrying variables associated with £, and
E,, respectively,

o = |uP/%,.
The Fourier transform of (6) leads to
P(E,, E4|Ey) = (2m) "o~ exp{—(1/20")(E; — Ey)’
+(+ B 2B, (E,— Epl. (7)

Equation (7) is basic for all the conditional distributions. From
(7), we first derive the marginal distribution P(E,, R,|E,;) and
then the conditional P(E,|R,, Ey):
P(E,|R;, Ey) ® Lexp{~[R} + (E, + E;)’ + 0°R}]/(207))

x cosh[R,(E, + Ep)/az], (8)

where L is a suitable scaling factor. Then the probability that
the sign s, of E, is &1 is given by

P(s, = +1|...) = exp(—R,E /0°) cosh[R(E}; + R,) /0],
P(s, =—1]..)~ exp(RpEH/az) cosh[R,(Ey, — Rp)/az],

from which

P(s, =1|...)/P(s, = —1]...)
~ », Cosh[R/(E,; + R,)/0°]
~ exp(—2R,Ey /o )cosh[Rd(EH "R,/ .

©)

Expression (9) does not coincide with formula (16) in Blow &
Crick (1959), where sinh replaces our cosh function: the two
expressions converge only when the arguments of cosh are
sufficiently large.

The normalization of the sign probabilities [i.e. by imposing
P(s, = +1|...) + P(s, = —1|...) = 1] leads to

P(s, = +1]...)
cosh[R,(Ey; — R,)/0°]
cosh[R,(Ey + R,)/0?]

-1
~ {1 + exp(2R,E};/0%) } . (10

In terms of structure factors, the probability function (10) may
be written as

P(s, = +1]...)

cosh[|F,(Fy — IF, D/ (i)
cosh[|F,|(Fy + |F,1)/(Ix?)]

(11)

~ {1 + exp(2|Fp|Fy/<|M|2))

If the arguments of the cosh functions are large enough, then
cosh x may be approximated by 0.5 exp|x|, and the probability
(10) may be replaced by two very simple expressions:

P(¢, = dyl...) = 0.5+ 0.5 tanh{R, (R, — R,)/0°}

it R,>Ry, (12a)
P(¢, = ¢yl...) ~ 0.5+ 0.5 tanh{R (R, — R;;)/0°}
it R,<Ry. (12b)

The probability (12b) takes care of the cases in which ‘over-
Cross’ occurs.

Let us now show that (8) encompasses the Blow & Crick
(1959) distribution. On assuming that the approximation
cosh x ~ 0.5 exp|x| is valid, (12b) transforms into

P(Eled7 Ey)~L eXp(—Rlz,/Z) exp{—(R; — Rdcalc)z/(zaz)}’

where E, .

P($,|IFyl, Fip) ~ Lexp{—(IFy| = |Fyec)’/ Q{11

which agrees with the Blow & Crick (1959) formula.

= E, + E;;. In terms of structure factors,

3.2. The SIR case in P1. The joint probability distribution
P(E,, E4| Ey) and related distributions

Under the same assumptions specified for the centric case,
the characteristic function of the distribution P(E,, E,;|E};) in
P1 may be written as
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Clu,,v

s Vo Ugs Va) = (expi(u,A, +V,B, +u,A; +v,B,))
= expli(uAy + v By)} exp{— % [”,2; + V,2;
+ (1 + 107D + Vi) + 2u,uy +2v,v,1}
where u,, v,, u,, v, are carrying variables associated with A,
B,, A4, B, respectively. The change of variables

u, = p,cosy, Uy = Py COs Yy, A, =R,cos®,
{Vp:ppsinwp {vd:pdsinl//d’ {Bp:Rpsin%’
{Ad = Rdcosqbd’ {AH = Ry cos ¢y
B, =R;sin¢, By = Ry sin ¢y
leads to

C(pps Pas ¥ Ya) dp, dp, A, d¥,
= PpPy expliRyp,cos(Vy — ¢y
x exp{—3 [0, + (1 + 005 + 20,04 cOS(Vy — ¥,)1}-
The Fourier inversion of the characteristic function gives
P(R,. Ry, &, $alEyy)
~ (R, R,/ 01?) exp (—1/0 )[R + Ry,
— 2R, Ry cos(¢y — )] + (1 + UZ)R;
—2R,R;cos(¢p, — ¢,) + 2R, Ry; cos(p, — qu)}), (13)

which is the required joint probability distribution function.
Then the marginal distribution

P(R,, Ry, ,|Ey)
~ (10%)"'2R, R, exp{(—1/6°) (R} + Rieye + 0" R} (2)
(14)

is obtained, where I is the modified Bessel function of order
zero,

z= 2Rdecalc/62’ (15)
Rdcalc = [R; + Ri] + 2RpRH COS(¢[) - ¢H)]1/2‘

Then a very simple phase probability is obtained,

—2R,Ry,
P(#,|R,, Ry, Eyy) ~ Lexp{Tcos@)p — (Z)H)}Io(z),

(16)

where L is a suitable normalizing factor that may be calculated
via numerical methods.
In terms of structure factors, the distribution (16) becomes

P(¢,|IF, |, |Fyl, Fy) ~ L exp{%cos% — ¢H)}10(z),
(17)
where
2 = 2| FyFgeqcl /110 (18)
and

|F seate] = [|E,|> + [Fy|* + 21 F, Fy| cos(d, — )]

Equation (17) is the required conditional phase distribution
and constitutes one of the main results of this paper.

3.3. About the conditional probability distribution
P(gplIF,l, |Fgl, Fpy)

The distribution (17) deserves to be discussed with regard
to:

(a) its applicative aspects;

(b) its relation with classical Blow & Crick (1959) and
Terwilliger & Eisenberg (1987) distributions.

For the point (a), we note that, since 0> < 1, z is usually a
quite large number for any value of ¢,. For |z| sufficiently
large, the following approximation (Abramowitz & Stegun,
1972) may be used:

Iy(x) = explx|/(27|x])"/>. (19)

Then numerical techniques (i.e. by calculating P in stepped ¢,
values between 0 and 2m) can be applied to derive the best
phase estimate and the relative variance. The simpler
approximation

Iy(2) = exp(z*/4)

is discouraged because z is usually quite a large number for
any value of ¢,.

The favorable results obtained by us (Giacovazzo & Siliqi,
2001a, b,c) in the MAD case suggest a simplification in the use
of (17) by introducing in (13) the approximation

b4~ P,
Then the simple conditional distribution
P(¢,|R,. Ry, Ey) ~ 271 (G)] " exp[G cos(¢, — dy)]  (20)
is derived, where
G =2(R; — R,)Ry; /0" =28, |Fyl /I, (21)
According to (20), ¢, is the expected value of ¢, if Ay, >0,

otherwise ¢, is expected to be about ¢ + 7. The larger the
product |A, Ry|/0?%, the more accurate the expectation will

1S0

be. Equation (21) will be the formula we will use for the SIR
case in our practical applications.

To answer the point (b), we show that expression (14)
encompasses a Blow & Crick (1959) distribution. This may be
obtained from (14) via two approximations: first (14) is
factorized as

P(R,, Ry, ¢,|Ey) = [R,/(m0)] exp{—R}}2R 0~

X eXp{_(Ri + Ricalc)/o'2 }I()(szRdcalc/Uz)
and then (19) is applied. We obtain

P(R,, Ry, §,|Ey) ~ [R,] exp{—=Ro} () *(Ry/R jear)
X eXp{_(Rd - Rdcalc)z/az}'
Then
P(¢p|Rp’ Rd’ EH) ~ L(ied/Rdcalc)l/2 exp{_(Rd - Rdcalc)2/a2}?
(22)

which, in terms of structure factors, transforms into
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P(¢,|IF, |, |F,|, Fy)
~ L(|F | /|F jouc))'? exp{—(IF;| = |Fseic*/1101*}.  (23)

Distribution (23) differs from the distribution obtained by
Blow & Crick (1959) owing to the presence of the factor
(R;/R ;..1..)""?. The effect of this factor on the distribution (23)
is negligible in practice since it is combined with the more
rapidly varying exponential function, unless |F,| is very small.
This last condition reduces the practical impact of (23);
however, the above calculations show that the Blow & Crick
(1959) probability function constitutes an approximation of
the distribution (17) provided by the more rigorous method of
the joint probability distribution functions.
3.4. The MIR case. The probability distribution P(E,, E4IE;;) in
P1

Suppose that:

(a) the diffraction data of n derivatives have been collected;
accordingly,

E,={E;,Ep, ..., E.};

(b) the following relation may be established for each ith

derivative:
|F il exp(idy) = |Fpi| eXp(i¢pi) + |Fyl exp(ioy;) + || exp(in;);

(¢) w; is uncorrelated with p; for i # j, and (u;) =0 for
any i
Then the characteristic function of the distribution
P(E,, E)|Ey) = P(E,, Eyy, ..., Eg|Eyys - Ey)  (24)

is
n s 1 n
1
C(up’ Ugrs -+ udn) = exXp Z ud1EH/ U, —3 Z dj
=1 =1
-4 Zudj - Z udjudq}’
j=1 Jq=1

where u, and u; are carrying variables associated with £, and
E,;, respectively,

2 2

e, =1+0;, = |7/ Z,.

The joint probability distribution (24) is then

—00 —00

“+00 “+00
P(E, E4Ey) = Qm) "™ [ ... [ exp { - i|:upEp
+ ; udj(Edj - EHj)] - % ( Z ”d,
+ 2u Z ud/ + 2 Z ud} dq)} (25)

=1 Js q=1
j<q

In a shorter form, (25) may be rewritten as

+o0 +00 _ _
P(E,,E,|E,) ~ 2n) "V [ ... [ exp{—iTU — L UKU}dU,
—00 —00

where

T = [Epv (Edl - EjH1)7 RN (Edn - EHn)]7

U= (s ugrs « - o tgy),
1 1 ... 1
1 ¢ 1
1 1 e,
detK =] o

Then
P(E,, E/|E;) ~ (2m)""*V/*(det K)™" exp { — 3 iE;

A

M:

1 2
=22 Mpn(Eg — Egy)

Il
LN

J

—E, 21: )‘1,j+1(Edj - EH;‘)
=

Z )"]+1 q+1(Ed]

j.q=1
j<q

Ey)(Eqy — Eﬂq)}, (26)

where )‘/‘q are the elements of the matrix K~ !.
‘We note:

rp=1+ _2;(1/0,‘2)’
=

Ay = _(I/sz)

— /2
Aivij = 1/0j.

if n>1,

Accordingly, the following relations hold:

n

=1- Z;)‘WH’ Aiptjpr = —Aij- 27)
=

Putting (27) into (26) gives

P(Ep, Ed|EH) ~ (27T)_("+1)/2(det K)—l/z exp { _ %EIZ,

+3 ; MjnlE, — (Ey — Eg)P

Z )"]+1 q+1 (Ed]

J.g=1
j<q

Hj)(Edq - EHq) } . (28)

The conditional sign probability P(sl,||Ed|, E,) may be
obtained (s, is the sign of E,) by first calculating the joint
probability

Z P( s SarlEals 7Sdn|Edn||EH)

and then by deriving the marginal distribution. The conclusive
formula is rather intricate. We prefer to introduce in (26) the
approximation

¢dj = ¢p

Then the marginal distribution

for j=1,...n

Acta Cryst. (2002). A58, 590-597
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P(EplEH) ~ Lexp {_%Elz’ + %Z A [spAinsoj - EHj]z} (29)
=1
is obtained, where AL, = (R, — R,). The distribution (29)
integrates the Wilson component [say exp(—E[% /2)] with the
contribution provided by the prior knowledge of the Af.
Now

P(s, = s1) = 0.5+ 0.5tanh { — 3" ALHIRH]-A;;O].}
i

R.,.A" .
= 0.5+ 0.5 tanh %}
9

Zj |FHj|Aisoj} .

i

= 0.5+ 0.5tanh (30)

Equation (30) is our conclusive formula for the centric case.

3.5. The MIR case. The probability distribution P(E,, Eq4| Ey) in
P1

The characteristic function of the distribution
P(Ap,Adl, ce s Ay Byts oo s ByylEyys -5 Eggy) (31)
is

Clu,, ugys - s Van)

n
~ ; 12
~ exp {1(2 u Ay + Vd/-BH/) — i,
=t
n n

— i euf + V(zij) —3u, 2; Uy
iz

=1

ey Uy Vs Vaps - -

n
1
2V 2; Vaj
=

n

- % (udiudj + Vdinj)}' (32)
ij=1
Z

The joint probability distribution function (31) may be
obtained by Fourier inversion of (32): we have

P(Ep’ Ed|EH)
A (2m) 2ol T . +fm exp{—iTU — } UKU} dU
—00 —00
~ " (det K)/* exp{— L TK'T}, (33)
where

T= [2‘/2Ap, 22(A, — Ay, .. 2Y2(A,, — Ay,
21/2Bp7 21/2(Bd1 - AHl)’ R} Zl/z(Bdn - BHn)]»

U= [ty thygys oo Uy Vs Vs -+ - s V]
0
k=2 0
0 Q
1 1 ... 1
1 ¢ 1
Q= ,
1 1 e,
_n 2
detK = 1‘[0].2]
Lj=1

We have

P(E,.E |E,) ~ n"*(detK) ™/ exp { — Ay(A) + B))

n

- X; A il(Ag = Ap)* + By — Byy)’]
=

n

- 2} )“l.j-H[Ap(Adj - AHj) + B[J(ij - BHj)]
j=

n

- ‘21 )‘j+1,q+1[(Adj - AHj)(Adq - AHq)

ja=
j<q

+ (B — By)(By, — BHq)]}s (34)

where )‘iq are the elements of the matrix K~'. Since

0
Q—l

)

-1
' _|@
4

the expressions for the A;; stated in P1 hold also for P1. We can
then rewrite (34) in the form

P(E,.E |E,) ~ 7~ "*(det K) ™/ exp { — (A, +B)

n

+ Zl M lE, = (Ey — Eyp)l?
=

n

- »Zl }‘j+l.q+1[(Adj - AH/’)(Adq - AHq)

j.a=
j<a

+ By — By)(Byy — BHq)]}' (35)

A mathematical procedure similar to that used in P1 (ie.
¢, ~ ¢,) leads to

P(¢,|R,. R, Ey) ~ [271,(G)] " expla, cos(p, — 9,)].  (36)
where

27:1 G;singy; T

tand, = =——— = —, 37)
p Z;’zl G;cosp,; B

G; = 2Ry ALy /07 = 21 Fyl Aoi/ 1417, (38)

a, = (T* + B (39)

¥, is the most probable value of ¢, and «, its reliability
parameter. The relations (36)—(39) will be our tools for the
experimental applications in the next paper (Giacovazzo et al.,

2002).

4. SIRAS and MIRAS cases
4.1. The SIRAS case in P1

The following additional notation will be used to treat the
SIRAS-MIRAS cases:
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f=F+ A+ =1 +if,
F' = |F'lexp(i¢p") = F,
F~ =|F |exp(i¢p™) = F_y,
Ef = AT +iB],
E; =A; +iB;.

E} and E; are pseudo-normalized structure factors (i.e.
normalized with respect to the native protein). Let us study
the conditional probability distribution

P(A,. A}, Ay, B,. Bj . Bj|A};, Ay. Bj;. By),
in short P, under the following mathematical model:
Aj =A,+ Aj + 0" cos BT

N H
= |: > _ficos2mh -x; 4 ) (f cos2mh - x; — f" sin 2ch - ;)
=1 =1

+ + 1/2
+ || cos ¥ :|/Zp ,
Bj = B, + Bj; + |0 |sin 9"

N H
= []Z;f] sin 27th - r; + ;(f,’ sin27th - x; + f/’ cos 27h - 1))

+ || sin ﬂ*} /=i,
Ay =A,+ A+ o7 |cosd™

N H
= |:Zf] cos27th - x; + ) (ff cos 27th - x; + f/' sin 27th - 1))
j=1 j=1

+ Iu_|cosz9_i|/2},/2,

By = —B,+ By +|o"|sin®”

N "
= |: — ;f] sin 27zh - ; —i—];(—f/ sin 27h - r; + f/' cos 27th - 1))

J

+ || sin ﬁ}/El/z,
where o* = pu*/X)/%. The characteristic function of the
distribution P is given by

C(u,, ub,uy, vy, vi,vy)
~ expi(ug Afy +ug Ay +vi By + vy By)
x exp{—g[(uy + V) + ef (ui? +vi?) + eg (ug® +v,%)
+ 2u, (g 4 ug) + 29, (vq = vg) + 2ugug —viva)ll,

where e* = 1 + |0F|%. The Fourier transform of C gives

E =[A2"2 (A} — Aj)@2/e")' 2, Ay — Ap)2/e)'?,
B,2'2 (B] — Bj)(2/e")"?, (B; — Bi)(2/e7)'].
After some calculations, (40) reduces to
P~ (et e”)  (det K) ™ exp{—[1 + (o™ )" + (lo™]) ]
x (A, + By) — (Io")*[(A7 — A%Y + (Bf — BE)']
= (o™ D)lA; = Ap) + (B = By)’]
+2(10"N*[A (AT — Af) + B,(Bf — Bf)]
+2(l0"N’[A,(A7 — A) — B,(By — Bpl). (41)
Equation (41) may be rewritten in a simpler form:
Pxa(ete”) (detK) ' exp{—|E,I* — (|o*])7
X |Ej —(E, + ERP + (o™ )?IE; — (E, + Ep)I’). (42)
The change of variables
A,=R,cos¢,, Aj =Rjcosd; A; =R;cos¢,
B, =R,sin$,, Bj =Rjsing;, B; =R;sing;
reduces equation (41) to
P~ w(|lo% 0™ ) 2R, R Ry exp{—R;, — (101
x [R: + R;? + Rf — 2R} R} cos(¢) — 1)
+2R,Rj cos(¢; — ¢,) — 2R,Rj; cos(¢, — ¢};)]
— (o™ D[R, + R + Ry — 2Ry Ry cos(d; — ¢

+ 2R,R; cos(¢; + ¢,) — 2R, R}; cos(¢) + ¢p)]- (43)
The use (see §3.5) of the phase relations
bi Xy G X0,
gives
P(¢,l...) ~ exp2(lo* ) *Ry (R} — R,) cos(¢, — ¢7;)
+2(10" DRy (R; — R))cos(d, +¢u)}.  (44)
In terms of |F|’s, (44) is rewritten as
P(¢,]...) ~ exp{G™ cos(¢, — ¢1;) + G~ cos(¢, + bz}
~ exp{X cos(¢, — ,)}, (45)
where
G* =2|Fj|AL/In* P, G =2Fyl AL/l P,
AL, = IF[I = |F)l, A = IF;| = |F,|
b b e i
0, = et ey =E
X = (1" + B)'*. (47)

191, is the best estimate of ¢p, X is the reliability factor.

_ 2 30,t,—)1 —1/2 _ 1 Fww-1w
P=n"(e"e”)" (detK)""" exp{—3 (E'KTE}, (40) Equation (46) is of very simple use [as well as (30) and (37)
where for the SIR and the MIR cases]; however, some details are
necessary to disclose its internal mechanism. Let us:
! O 0 0 0 (i) rewrite (46) in the most useful form
(et)~12 1 (ete)™'? 0 0 0
_| @) (ere) 1 0 0 0 AY sin ¢l + A sin ¢
K=1"0% 0 0 1 (e (—en)'2 tan ¥, = —* ¢f + . ¢f£ =, (48)
0 0 0 (e*)11 1 —(ete) I Ajg, cos ¢ + Ajg, cos o
0 0 0 (o122 _(pto—)1/2 1
ey where ¢7;° = —¢j;
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(ii) denote by Fj, the heavy-atom structure factor arising
from the real scattering (i.e. from f;; = f + Af};) and by F};
that from the imaginary scattering (i.e. from fj;). We will
assume only one species of heavy atom and we will consider a
few didactical cases:

Figure 1
Four situations for the SIRAS case are depicted: (a) |Fy,| > |F}|; (b) Fj;
compared with |Fy;|, Ag >0; (¢) |Fj| compared with |F|, Ay, <O,

A, <0; (d) |Fl compafed with |F}|, Al <0, Ay, > 0.

(@) f;>fy (then [Fy| > |F4l). In this case,
AL~ AL, ¢F ~ ¢ and (48) reduces to

tan 9, & (AL, sin )/ (AL, cos §).

Accordingly, ¥, ~ ¢}, if Al ~ AL >0, 9, ~ ¢+ if

AL ~ Ay, <0. This is nothing but the classical SIR case: the
anomalous scattering does not add any valuable information
to the phase indication provided by (30) (see Fig. 1a).

(b) fi; is comparable with f7; (then |F| is also comparable
with |Fy,|), AL >0, A, >0 with |AL|>|A{,|. Then (48)

may be written as
tan ¥, & (| AL sin¢j; + | A | sin ")
x (1A cos ¢y + [AG | cospp) ™, (49)

according to which ¢, is estimated between ¢} and ¢*, closer
to ¢, ™. This situation is illustrated in Fig. 1b);

(¢) fj; is comparable with f;;, Af <0, Ag <0 with
AL, | > |Af |. Then (48) reduces to

tan 9, ~ [|AL | sin(¢y; + 1) + | AL | sin(¢y" + 7)]
x [| A, | cos(@f; + 7) + | A, | cos(dy + )] 7",

which estimates ¢, between (¢4 + m) and (5" + 7), closer to
(¢5* + 7). This situation is illustrated in Fig. 1c).
(d) f;; is comparable with f;, Af <0, Ay, >0 with

AL, | > |Af |. In this case, (48) reduces to

1S0 1S0

tan 9, ~ [| AL, | sin(¢y; + 1) + |A, | sin ¢y

180

x [1A%] cos(¢; + 1) + | A, | cos ¢ T,

which estimates ¢, between (¢}; 4+ ) and ¢, closer to ¢
(see Fig. 1d).

All four figures indicate that (46) is a sensible way of
assigning the phases given A . AL, F,. We check how
accurate (46) may be in an ideal case [we postpone to the
paper by Giacovazzo et al. (2002) the applications to real
data]. To this purpose, we use as protein data the calculated
data of 1srv (Walsh et al., 1999), space group €222, unit-cell
parameters a = 63.47, b = 65.96, c = 75.03 A, 1186 non-H atoms
and three S atoms in 145 amino acids. The SIRAS case was
simulated by substituting Se for S and by selecting values of
Af' = —8, Af” = 3. The results are shown in Table 1, where
we give the average phase error (|A¢@|)gras for the NREF1
reflections with a weight 7, (X)/1,(X) larger than the W value.
The value (|A¢|)gras IS the average difference (in °) between
the phase estimates provided by (46) and the true phases (i.e.
the values calculated from the published crystal structure).
I,(X) is the modified Bessel function of order i calculated at X,
as given by (47). To evaluate the efficiency of (46), we have
also simulated the SIR case, by eliminating the anomalous
dispersion from the Se atoms. The corresponding figures are
tabulated in columns 4 and 5. In particular, (|A¢|)q is the
average phase error for the NREF2 reflections with a weight
1,(G)/1,(G) larger than W [the argument G is defined by (21)].
The comparison shows quite evidently the larger efficiency of
(46): about 41° is the error for the 7303 reflections if (21) is
applied, only 22° if (46) is used.
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Table 1
1srv calculated data; the reliability of the estimates (46) is compared with
that of the SIR estimates [equation (38)].

w NREF2 (A1) siras ) NREF1 (1Adhsir (°)
0.0 7303 2 7303 41
0.1 6648 21 6648 40
0.2 6144 21 6144 39
0.3 5698 21 5698 38
0.4 5239 21 5239 37
0.5 4763 21 4763 36
0.6 4312 20 4312 35
0.7 3806 20 3806 33
0.8 3043 19 3043 31
0.9 1861 19 1861 27

4.2. The MIRAS case in P1

The extension of the theory described in §4.1 to the MIRAS
case is straightforward. We only provide the conclusive
formulas when more derivatives with heavy atoms as anom-
alous scatterers are available. In this case, (45) is replaced by

P(¢,|...) ~ exp{X cos(¢, — I,)}, (50)
where

> (G singfy; — G7 sin dy) T

tan ¥, = — — = (51)
P Y (Gfcosgy; + G cosgy) B
X =(T*+ B)'? (52)

The summation over j varies over the different derivatives.

5. Conclusions

The rigorous use of the joint probability distribution functions
enabled us to provide new probabilistic formulas estimating
the protein phases for the SIR-MIR and SIRAS-MIRAS
cases. The formulas are of very simple cases, include the
treatment of the errors and, as we prove in the following paper
(Giacovazzo et al., 2002), are very efficient.

The main results of the paper have been presented at the
Euroconference on Phasing Biological Macromolecules
(PHABIO) held in Martina Franca (TA), 23-27 June 2001.

APPENDIX A

In the case of perfect isomorphism, F; = F, + Fy,. If C(u,, u,)
is the characteristic function in P1 of P(E,, E,;|Ey), then (see

§3.1)
Clu,, uy) = exp(iuyEy) exp{—(uﬁ +ul+ 2u,u,)/2}).  (53)

The Fourier transform of (53) gives

P(E, EJEy) = Qm)7 [ [ exp{—0.5[u2 + uj + 2u,u,]

—iEu, +(E; — Ex)uyl} du, du,
= @2m) 2 exp(~E,/2)(27) ™

X Ofo expliu,[E, — (E, + Ey)]} du,

= 2m) "2 exp(=E}/2)3[E, — (E, + Ep)l. (54)

where § is the Dirac delta function.

The distribution (54) may be so interpreted: E, satisfies the
usual Wilson distribution because it is not constrained by the
prior knowledge of Ej. Vice versa, such a prior information
constrains E,; to be distributed according to the Dirac delta
function centered on E, + Ey. This last property is trivial and
does not add any additional information to the definition F, =
F, + Fy.
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